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o So far, the only role played by money was to serve as a numeraire, i.e
we dealt with a cashless economy

We incorporate a role of money other than that of unit of account to
generate demand for money

We assume that real balances are an argument in the utility function

Be aware that there are other options such as cash-in-advance



Basic Facts

o So far, the only role played by money was to serve as a numefaire, i.e.
we dealt with a cashless economy

o We incorporate a role of money other than that of unit of account to
generate demand for money

Jarek Hurnik (Department of Economics) Monetary Economics 2012 2/24



Basic Facts

o So far, the only role played by money was to serve as a numefaire, i.e.
we dealt with a cashless economy
o We incorporate a role of money other than that of unit of account to
generate demand for money
o We assume that real balances are an argument in the utility function
o Be aware that there are other options such as cash-in-advance

Jarek Hurnik (Department of Economics) Monetary Economics 2012 2/24



Households

o Households’ preferences are now given by
o0
M
t t
EOIZ;B u(ci 5 N (1)

o Period utility is increasing and concave in real balances %
1

Jarek Hurnik (Department of Economics) Monetary Economics 2012 3/24



Households

o Households’ preferences are now given by
o0
M
Eo ) BU(C, 55 Ny) ()
=0 !

o Period utility is increasing and concave in real balances %’
o And the flow budget constraint takes the form

Ptct + QtBt + Mt - Bz—l +Mt—1 + WtNt - Tt (2)

Jarek Hurnik (Department of Economics) Monetary Economics 2012 3/24



Households

o Households’ preferences are now given by
o0
M
Eo ) BU(C, 55 Ny) (1
=0 !

o Period utility is increasing and concave in real balances %’
o And the flow budget constraint takes the form

PtCt + QtBt + Mt - Bz—l +Mt—1 + Wth - Tt (2)

o By letting A; = B,;_| + M;_| denote total financial wealth at the
beginning of the period ¢, the flow budget constraint can be rewritten as

PCi+ QA1 =A 1 +WIN, =T, 3)

Jarek Hurnik (Department of Economics) Monetary Economics 2012 3/24



Households

o Households’ preferences are now given by
o0
M
t t
Eogﬁ u(ci 5 N (1)

o Period utility is increasing and concave in real balances %’
o And the flow budget constraint takes the form

PtCt + QtBt + Mt - Bz—l +Mt—1 + Wth - Tt (2)

o By letting A; = B,;_| + M;_| denote total financial wealth at the
beginning of the period ¢, the flow budget constraint can be rewritten as

PG+ QA1 = A1 + WiN, — T, (3)
o Subject to a solvency constraint

lim E{A;} > 4
ngo t{t}_o 4)
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o Using A, it is assumed that all financial assets yield gross nominal return
Q' (= explir})
Households purchase the utility-yielding ’services’ of money balances at
aunit price (1 — Q;) =1 — exp{—i;} ~ i;

The implicit price of money services roughly corresponds to the nominal
interest rate, which in turn is the opportunity cost of holding money
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Optimality Conditions

o Two of the optimality conditions are same as those for the cashless model

_% — % (5)
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Optimality Conditions

o Two of the optimality conditions are same as those for the cashless model

_% — % (5)
Ue P,

Ue t+1 Py
O = PE { ’ } (6)

! ' Uc,t P t+1

o And there is an additional optimality condition given by
U
o =1 -ep{-i} (7)
¢t

o For any statement about consequences of having money in the utility
function , more precision is needed about the way money balances
interact with other variables in yielding utility
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An Example with Separable Utility

o Assume following functional form

M, I=o (M,/P)'" N/
U(C,, = N,) = —
(I’P,’ 2 1—a+ 1-v 1+

®)
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An Example with Separable Utility

o Assume following functional form

M, =0 (M,/P)'"v N
U(C;, —,N;) = —
(I’P,’ 2 1—a+ 1-v 1+
o Given assumed separability neither U, ; nor U, ; depend on the level of
real balances

o As aresult

®)

W,
Ny = o )
!

C 7 P,
0 = ﬁE{(fg‘) P+1} (10)

remain unchanged and so do their log-linear counterparts

1.
¢ = Et{CtJrl} - ; (lt - Et{ﬂ't+1}) (11)
wy—pr = oc+ o (12)
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An Example with Separable Utility

o Note that equilibrium values for output, employment, the real rate, and
the real wage are determined in the same way as in cashless economy
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An Example with Separable Utility

o Note that equilibrium values for output, employment, the real rate, and
the real wage are determined in the same way as in cashless economy

o However, introduction of money in utility function allows a money
demand equation to be derived from the households’ optimal behaviour

o Given the specification of utility, the new optimality condition can be

rewritten as
M,

P CU/V (1 — exp{—i;}fl/y) (13)

o And in approximate log-linear form as
g .
—Pt=—C— Nk (14)
v

where n =
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An Example with Separable Utility

o The particular case of v = o is an appealing one, because it implies a
unit elasticity with respect to consumption
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An Example with Separable Utility

o The particular case of v = o is an appealing one, because it implies a
unit elasticity with respect to consumption

o This assumption yields a conventional linear demand for money

mg—p; = ¢ — N (15)
= Y — N (16)

assuming that all output is consumed

o (15) determines the equilibrium values for inflation and other nominal
variables whenever the description of monetary policy involves the
quantity of money

o Otherwise (15) determines the quantity of money that the central bank
will need to supply in order to support the nominal interest rate implied
by the policy rule
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An Example with Nonseparable Utility

o Let now consider an economy in which period utility is given

M, X7 N

U(C;,, — ,N,;) = —
(I’P,’ ) l—-0c 1+4¢

(19)
where X; is a composite index of consumption and real balances

1

1—v | 1=v
X, = [(1—19)c}—'f+q9<1‘}f’> ]

t
[V
o (2)
P,

forv =1
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An Example with Nonseparable Utility

o Let now consider an economy in which period utility is given

M, X7 N

U(C;,, — ,N,;) = —
(I’P,’ ) l—-0c 1+4¢

(19)
where X; is a composite index of consumption and real balances

1

1—v| 1-v
X, = [(1—19)c}—'f+q9<M’> ]
P,
9
ol (M
t P[

o v represents the (inverse) elasticity of substitution between consumption
and real balances, and ¥ the relative weight of real balances in utility

forv =1
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An Example with Nonseparable Utility

o Marginal utilities of consumption and real balances are now given by

U, = (1-9)X777C"
-9
o (M
Un: = v t 7 <P:>
whereas marginal utility of labour is, as before, given by U, ; = —N;°
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An Example with Nonseparable Utility

o Marginal utilities of consumption and real balances are now given by

U, = (1-9)X777C"
-9
o (M
s = 057 ()
whereas marginal utility of labour is, as before, given by U, ; = —N;°

o Optimality conditions of the household’s problem are now

o= NEXPTICH(1 - i) 20)
P,
Cz+1>_y (Xz+1>y_g P,
= BE 21
O p z{( C, X, P 2D
1
M[ . —l/V 19 v
= = 1 — exp{— . 22
= at-eplin ™ (1 e
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An Example with Nonseparable Utility

o Optimality conditions imply that monetary policy is no longer neutral

o Real money balances influence labour supply as well as consumption
o Whereas depend on the nominal interest rate
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An Example with Nonseparable Utility

o Optimality conditions imply that monetary policy is no longer neutral

o Real money balances influence labour supply as well as consumption
o Whereas depend on the nominal interest rate

o Different paths of the interest rate have different implications for real
balances, consumption and labour supply

o Formally, we start noticing that the implied money demand equation (22)
has following log-linear form
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An Example with Nonseparable Utility

o Optimality conditions imply that monetary policy is no longer neutral

o Real money balances influence labour supply as well as consumption
o Whereas depend on the nominal interest rate

o Different paths of the interest rate have different implications for real
balances, consumption and labour supply

o Formally, we start noticing that the implied money demand equation (22)
has following log-linear form

m; — py = C; — Niy (23)

— 1
where 1 = e )
o Money demand semi-elasticity depends on the elasticity of substitution
between real balances and consumption v !
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An Example with Nonseparable Utility

o Log-linearization of 20 yields
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Jarek Hurnik (Department of Economics) Monetary Economics 2012 13/24
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o Log-linearization of 20 yields
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o Log-linearizing expression fo X;, combining with 22 and substituting for
x; above yields
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An Example with Nonseparable Utility

o Log-linearization of 20 yields
w —pr=oc+ o+ (v —0)(c; — x) (24)

o Log-linearizing expression fo X;, combining with 22 and substituting for
x; above yields

Wy = pr = 0¢+ ong + x(v — a)(e; — (my — pr)) (25)
9% (1-8)'— ¥
where y = At -
(1-9)vdv (1-p)'"v
o Finally, substituting for ¢, — (m, — p;) from log-linear money demand
yields
wy = pr = oc; + o+ xn(v — o)y (26)
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An Example with Nonseparable Utility

o Let’s define steady-state ratio of real balances to consumption k,, = ?/

Jarek Hurnik (Department of Economics) Monetary Economics 2012 14724



An Example with Nonseparable Utility

o Let’s define steady-state ratio of real balances to consumption k,, = MCP
1
o Then using money demand equation one gets k,, = <(1_5;’ﬂ> " and
_ km(lfﬁ )
X = Thka(1-8)

Jarek Hurnik (Department of Economics) Monetary Economics 2012 14724



An Example with Nonseparable Utility

m
1
o Then using money demand equation one gets k,, = <(_$_> " and

1-8)(1-9)
_ km(lfﬁ)
X = Thkn(1-5)
e _ ks(1-2)
© Multiplying x, 77 and v — o one gets w = 3 =5y and
Wy — pr = o¢; + png + wi 27)

Jarek Hurnik (Department of Economics) Monetary Economics 2012 14724



An Example with Nonseparable Utility

©

m
1
Then using money demand equation one gets k,,, = <(1_5;’ﬂ> " and

_ km(lfﬁ)
X = T4k (1-58)

Multiplying x, n and v — o one gets w = %(1_—%5)) and

(]

Wy — pr = 0¢; + pny + Wiy (27)

©

Impact of interest rate on labour supply depends on the sign of w and that
is determined by the sign of v — ¢
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An Example with Nonseparable Utility

o Let’s define steady-state ratio of real balances to consumption &, = ?/
1
o Then using money demand equation one gets k,, = <(1_5;’ﬂ> " and
_ km(lfﬁ)
X = Thkn(1-5)
o _ k(=)

© Multiplying x, 77 and v — o one gets w = 3 =5y and

Wy — Py = 0Ct + on; + wi; (27)

o Impact of interest rate on labour supply depends on the sign of w and that
is determined by the sign of v — ¢

o When v > ¢ (implying w > 0) the reduction in real balances (increase in
interest rate) brings down marginal utility of consumption, lowering the
quantity of labour supplied
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An Example with Nonseparable Utility

o Log-linear approximation of the Euler equation (21) looks as follows

a = Efcm}— é(i, — Ef{ma}
= W=0)E{(cit1 — xi1) — (cr —x1)} — p)
a = Edct1}— é(i, — E{mi1}
= X = 0)E{Acit1 — A(mr — per1)} = p)
a = Efc1} - % (i = E{mig1} — WE{Airy1} — p)  (28)
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An Example with Nonseparable Utility

o Log-linear approximation of the Euler equation (21) looks as follows

¢ = Efcp} - é(i, — E{mis1}
— (v—=a)E{(cry1 —x41) — (cr — x1)} — p)
a = Edct1}— é(i, — E{mi1}
— x(v—=0)E{Acit1 — A(meyr — pi1)} — p)
a = Efc1} - % (i = E{mig1} — WE{Airy1} — p)  (28)
o Anticipation of a nominal interest rate increase lowers the expected level

of the marginal utility of consumption and induces an increase in current
consumption
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An Example with Nonseparable Utility - Equilibrium

o Let’s start by combining labour supply and labour demand which both
equal the real wage

oc; + pny +wip =y, — ny + log(1 — ) (29)
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An Example with Nonseparable Utility - Equilibrium

o Let’s start by combining labour supply and labour demand which both
equal the real wage

oc; + pny +wip =y, — ny + log(1 — ) (29)

o Then using market clearing condition y; = ¢; and production function
¥y = a; + an, yields

Yr = ¢yaat + 1/})*iit + Vya (30)

w(1—alpha)

where 1,; = sroTall=0)
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An Example with Nonseparable Utility - Equilibrium

o Let’s start by combining labour supply and labour demand which both
equal the real wage

oc; + pny +wip =y, — ny + log(1 — ) (29)

o Then using market clearing condition y; = ¢; and production function
¥y = a; + an, yields

Yr = ¢yaat + 1/})*iit + Vyq (30)
w(1—alpha)
oct+eta(l—o)
o Equilibrium output is no more invariant to monetary policy, money is not
neutral and the above equilibrium condition does not suffice to determine
output

where 1,; =
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An Example with Nonseparable Utility - Equilibrium

o In order to pin down equilibrium path of endogenous variables
equilibrium condition for output has to be combined with Euler equation
and description of monetary policy

1. :
i = Et{yz—H} - g (lt - Et{ﬂ—t—l-l} - WEt{Alt+1} - P) (3D
i[ = p + @n—ﬂ't —+ vy (32)

where we assume that v follows a stationary AR(1) process
Up = PyUi—1 + €
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An Example with Nonseparable Utility - Equilibrium

o In order to pin down equilibrium path of endogenous variables
equilibrium condition for output has to be combined with Euler equation
and description of monetary policy

1. .
yo = Edyi}— P (ir — E{mi1} — wE{Aira } —p) 31
i[ = p + @n—ﬂ't =+ vy (32)
where we assume that v follows a stationary AR(1) process
Up = PyUi—1 + €

o Similarly assume that the technology follows the AR(1) process
a; = padi—1 + €/
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An Example with Nonseparable Utility - Equilibrium

o Closed form expression for the equilibrium level of inflation, interest rate
and output looks as follows

o o= o (1 — pa)ibya a — 1+ (1 — py)wip v
’ O (1 +w)(1—6py)" @r(l+w))(1—Opy) '
; _ o(1 = pa)tya ar — Pu v
: (1 +wp)(1—6p,) " r(l+w))(l —Op,)
_ U(l —pa)%i plﬂ/}yi
Yo = Y (” (It wd)(1 —@pa>>“’+ (14 wih)(1—Op,)

_ 14wyd, _ aty
where © = =553 and ¢ = S
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An Example with Nonseparable Utility - Impact of
Monetary Policy

o Interest rate multiplier of output, conditional on an exogenous monetary

@ _ dyt/d’U[ _ _w .
dip = dijJdv, Wi

policy shock, is given by
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An Example with Nonseparable Utility - Impact of
Monetary Policy

o Interest rate multiplier of output, conditional on an exogenous monetary

policy shock, is given by %’ = (Z’ZI:: =~y
o In order to get sense for the magnitude, recall that +)y; = %.

Assuming common calibration 0 = ¢ = 1 and @ = 1/3, one gets
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Assuming common calibration 0 = ¢ = 1 and @ = 1/3, one gets
wyi = 1/ 3w

o Having in mind that w itself depends mainly on k,,, especially when S is
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An Example with Nonseparable Utility - Impact of
Monetary Policy

o Interest rate multiplier of output, conditional on an exogenous monetary

policy shock, is given by %’ = (Z’ZI:: =~y
o In order to get sense for the magnitude, recall that +)y; = %.

Assuming common calibration 0 = ¢ = 1 and @ = 1/3, one gets
wyi = 1/ 3w

o Having in mind that w itself depends mainly on k,,, especially when S is
close to one and ) is relatively small, one can approximate 1)y; = 1/3ky,

o Size of k,, depends on the definition of money and ranges from &, >~ 0.3
to k,, ~ 3 for monetary base and M2 respectively
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An Example with Nonseparable Utility - Impact of
Monetary Policy

o Leading to values of vy; in the range from 0.1 to 1 and impact of one
percent increase in interest rate (annualized) in the range from 0.025 to
0.25 percent.
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An Example with Nonseparable Utility - Impact of
Monetary Policy

o Leading to values of vy; in the range from 0.1 to 1 and impact of one
percent increase in interest rate (annualized) in the range from 0.025 to
0.25 percent.

o The latter value, while small, appears to be closer to the estimated output
effects of a monetary policy shock found in the literature

o However, there are other aspects of the transmission of monetary shocks
that are at odds with the evidence.
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An Example with Nonseparable Utility - Impact of
Monetary Policy

o Leading to values of vy; in the range from 0.1 to 1 and impact of one
percent increase in interest rate (annualized) in the range from 0.025 to
0.25 percent.

o The latter value, while small, appears to be closer to the estimated output
effects of a monetary policy shock found in the literature

o However, there are other aspects of the transmission of monetary shocks
that are at odds with the evidence.

o Note that
dm; dm,/dv, _1
di[ dlt/d'U[ ( + ( pv)wwpv
dr[ dE[{Tr[+1}/dU[
—_— = 1-— = —(1- <0
di; di, /dv, (1= po)wy
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An Example with Nonseparable Utility - Long-run
Implications

o Long-run output effects of monetary policy that permanently raises
nominal interest rate is same as the short-run, i.e. —,;
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lower output
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An Example with Nonseparable Utility - Long-run
Implications

o Long-run output effects of monetary policy that permanently raises
nominal interest rate is same as the short-run, i.e. —,;

o Any permanent increase in inflation and nominal interest rate leads to
lower output

o In principle there is no problem with that, however, the lack of significant
empirical relationship between long-run inflation and economic activity
(at least at low levels of inflation), suggests a low value for &, and 9,;
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An Example with Nonseparable Utility - Long-run
Implications

o Long-run output effects of monetary policy that permanently raises
nominal interest rate is same as the short-run, i.e. —,;

o Any permanent increase in inflation and nominal interest rate leads to
lower output

o In principle there is no problem with that, however, the lack of significant
empirical relationship between long-run inflation and economic activity
(at least at low levels of inflation), suggests a low value for &, and 9,;

o Unfortunately, negligible long-run tradeoff is associated with negligible
short run effects of monetary policy

Jarek Hurnik (Department of Economics) Monetary Economics 2012 21/24



Optimal Monetary Policy

o Hypothetical social planner seeking to maximize the utility of
representative household would solve a sequence of static problems of

the form
M,
maxU(C;, —, Ny)
Py
subject to the resource constraint
C, = AN/~

The optimality conditions for that problem are given

U, Y
—U—j = (1—a)AN, (33)
Upn: = 0 34)

the latter condition equates marginal utility of real balances to the social
marginal cost of their production, which is implicitly assumed to be zero
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Optimal Monetary Policy

o As household’s optimal choice of money balances requires

Ui
Uer

(1 — exp{—i;})

efficiency condition (34 will be satisfied, if and only if, i; = O for all ¢, a
policy known as the Friedman rule
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Optimal Monetary Policy

o As household’s optimal choice of money balances requires

Ui
Uer

(1 — exp{—i;})

efficiency condition (34 will be satisfied, if and only if, i; = O for all ¢, a
policy known as the Friedman rule

o Note that such a policy implies an average rate of inflation
T=—p<O0

i.e., prices will decline on average at the rate of time preference
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Optimal Monetary Policy
o A policy rule of the form i; = O for all ¢ leads to price level

indeterminacy, so the central bank cannot just set i; = 0 for all 7 in order
to implement the Friedman rule
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Optimal Monetary Policy
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to implement the Friedman rule

o By following a rule of the form
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the central bank can avoid price level indeterminacy, while setting i; on
average equal to zero
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to implement the Friedman rule

o By following a rule of the form
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the central bank can avoid price level indeterminacy, while setting i; on
average equal to zero

o To see this, combine the above rule with Fisher equation
iy = ry + E{m1}, which implies the difference equation

Et{it—i-l} = ®j; (35)

whose only stationary solution is i; = O for all ¢
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Optimal Monetary Policy

o A policy rule of the form i; = O for all ¢ leads to price level
indeterminacy, so the central bank cannot just set i; = 0 for all 7 in order
to implement the Friedman rule

o By following a rule of the form

i[ == @(rt_l - 7T[)

the central bank can avoid price level indeterminacy, while setting i; on
average equal to zero

o To see this, combine the above rule with Fisher equation
iy = ry + E{m1}, which implies the difference equation

Et{it—i-l} = ®j; (35)

whose only stationary solution is i; = O for all ¢
o Under the above rule inflation is fully predictable and given by

Tt = —Fh—1 (36)
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